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Abstract
A natural equivalence relation can be considered in the generalized flag manifold.
First we give a complete set of invariants of it as well as a canonical matrix de-
scription of the classes. Next we consider parametric flags. We give a miniversal
deformation for the above canonical form and we use it to characterize the stable
flags.
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Introduction
The generalized flag manifold is a generalization of the Grassmann manifold. Namely,
we fix a reference flag (a chain of subspaces F1 ⊂ · · · ⊂ Fk of a F -vector space F )
and we consider the set of flags of fixed dimension whose elements are contained in
the elements of the reference flag. One can prove that this set is a smooth manifold
with a similar structure to that of Grassmann manifold (see for example [1]).
The generalized flag manifold arises in a natural way while studding the topology of
the set of A-invariant and (C,A)-invariant subspaces. More precisely in [1] and [2]
it is proved the existence of deformation retracts of the set of A-invariant subspaces
and (C,A)-invariant subspaces, respectively, on a generalized flag manifold (when
the discrete invariants of the restrictions are fixed). In fact one can prove that the
sets of A and (C,A) invariant subspaces are the total spaces of vector bundles on
a generalized flag manifold (see [4]). Therefore, an equivalence relation defined in
the set of A or (C,A)-invariant subspaces induce an equivalence relation in the
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generalized flag manifold. In most cases this equivalence relation is the natural one.
Namely, two flags are equivalent if there exists an automorphism rending fixed the
reference flag such that sends the elements of the first flag to the elements of the
second one.
Our first goal is to give a geometric construction of a canonical basis for a generalized
flag. From it it can derived a complete set of invariants of the corresponding class as
well as a canonical form of its matrix representation (section 2). Moreover if those
invariants are constant for a family of flags, one can obtain a family of basis reducing
(locally) the matrix representation of the flags to its canonical form theorem 2.7.
Second we consider general perturbations of a flag and we compute a miniversal
deformation for the above canonical form. In order to do that we apply the main
results of [3], where it is considered a general orbit space M/Γ and an equivalence
relation defined on it by means of the action of a group G. In [3] it is related a
versal deformation of an element of x ∈ M with regard a suitable group action of
G× Γ with a versal deformation of its orbit xΓ with regard the action of G. Then,
applying Arnold’s techniques the authors of [3] prove theorem 3.2 which we shall
use in theorem 3.4.
In this paper we make use of the following notation. F is the field of either the
complex or the real numbers. Mp,q denotes the set of p× q matrices with entries in
F and M∗p,q the set of the full rank ones. M∗p,p is the linear group Gl(p). If E is a
vector space, Grd(E) denotes the Grassmann manifold of d-dimensional subspaces of
E. Throughout the paper, we will denote by I the identity element of a group. If M
is a manifold and x ∈M , (M,x) denotes an open neighbourhood of x. We say that
a basis is adapted to a set of subspaces if one can obtain bases of those subspaces
taking subsets of this basis. In particular, a basis adapted to a chain of subspaces
V1 ⊂ · · · ⊂ Vk is a basis of Vk obtained by extending successively bases of V1, V2, . . ..
We say that an n-tuple of integers (k1, . . . , kn) is a partition if 0 ≤ ki ≤ ki+1 for all
i = 1..n − 1. If k = (k1, . . . , kn), h = (h1, . . . , hn) are two partitions, if hi ≤ ki for
i = 1..n we put h ≺ k. Ia means the a × a-identity matrix and 0a,b the a × b-zero
matrix. The non-specified entries of a displayed matrix are 0.
1 The generalized flag manifold
Let F be a fixed F -vector space of dimension n. Let s = (s1, . . . , sk) be a partition
with sk ≤ n. We call an s-flag of F to a chain of subspaces V1 ⊂ · · · ⊂ Vk of F
where dimVi = si, i = 1, . . . , k. Let us denote by Flag(s) the set of all s-flags of F .
It is clear that when k = 1, Flag(s) is, simply, the Grassmann manifold of subspaces
of F of dimension s1. One can easily check that
Flag(s) =M∗n,sk/Γ
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Where Γ is the set of full rank matrices of the form
P =

P1,1 P1,2 . . . . . . P1,k
0 P2,2 . . . . . . P2,k
0 0 . . . . . . . . .
. . . . . . . . . . . . . . .
0 0 . . . 0 Pk,k

with Pi,j an (si−si−1)× (sj−sj−1)-matrix (s0 := 0), and defining the action of Γ on
M∗n,sk by (X,P ) 7→ XP . From a geometric point of view, given an s-flag (V1, . . . , Vk),
Vi is spanned by the si-first columns of a matrix X ∈ M∗n,sk and the elements of Γ
represent changes of bases of Vsk rending invariant Vsi , i = 1, . . . , k.
In many context appears the concept of generalized flag (see [1]). Let r = (r1, . . . , rk)
be a partition and let F1 ⊂ · · · ⊂ Fk = F be a reference flag with dimFi = ri. We can
take a basis {e1, . . . , erk} of F such that Fi = span{e1, . . . , eri}. Let s = (s1, . . . , sk)
be a partition such that si ≤ ri, i = 1, . . . , k. We call a generalized s-flag of
(F1, . . . , Fk) a chain of subspaces V1 ⊂ · · · ⊂ Vk, Vi ⊂ Fi, such that dimVi = si,
i = 1, . . . , k.
reference flag F1 ⊂ F2 ⊂ · · · ⊂ Fk ⊂ F n
∪ ∪ ∪
generalized flag V1 ⊂ V2 ⊂ · · · ⊂ Vk ⊂ F n
Let us denote by Flag(r, s) the set of all generalized s-flags of (F1, . . . , Fk). It is clear
that if r = (n, . . . , n), Flag(r, s) = Flag(s). The geometry of Flag(r, s) is studied
in [1]. In particular the authors of [1] prove that Flag(r, s) has a smooth manifold
structure diffeomorphic to the orbit space
M/Γ
where M is the set of full rank matrices of the form
X =

X1,1 X1,2 . . . . . . X1,k
0 X2,2 . . . . . . X2,k
0 0 . . . . . . . . .
. . . . . . . . . . . . . . .
0 0 . . . 0 Xk,k

with Xi,j an (ri − ri−1)× (sj − sj−1)-matrix (r0 := 0), and defining the action of Γ
on M, as above, by (X,P ) 7→ XP . The geometric interpretation of the columns of
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X ∈M is identic to the non generalized case and the 0’s of those matrices are due
to the condition Vi ⊂ Fi.
Remark 1.1 let be s ≺ r′ ≺ r Then the inclusion Flag(r′, s) ⊂ Flag(r, s) is an
embedding. In particular Flag(r, s) is a submanifod of Flag(s)
2 Classification of generalized flags
We define in Flag(r, s) the following equivalence relation.
Definition 2.1 (V1, . . . , Vk) ∼ (V ′1 , . . . , V ′k) if there exist P ∈ Gl(n) such that
V ′i = P (Vi) and P (Fi) = Fi for all i = 1, . . . , k.
Remark 2.2 In Flag(s) the above equivalence relation is trivial (there is a sin-
gle class). More generally, let be s ≺ r′ ≺ r Then, (V1, . . . , Vk) ∼ (V ′1 , . . . , V ′k) in
Flag(r′, s) implies that (V1, . . . , Vk) ∼ (V ′1 , . . . , V ′k) in Flag(r, s).
Let G = {P ∈ Gl(n)|P (Fi) = Fi}. It is clear that G is a subgroup of Gl(n) and that
the classes of the above equivalence relation are the orbits of the generalized flags
with regard to the action of G on Flag(r, s) defined by
(P, (V1, . . . , Vk)) 7→ (P (V1), . . . , P (Vk)).
One can easily check that G is the set of full rank matrices of the form
P =

P1,1 P1,2 . . . . . . P1,k
0 P2,2 . . . . . . P2,k
0 0 . . . . . . . . .
. . . . . . . . . . . . . . .
0 0 . . . 0 Pk,k

with Pi,j an (ri − ri−1)× (rj − rj−1)-matrix
It is clear that there exists a bijection between the orbits G(XΓ), XΓ ∈ M/Γ, and
the orbits GXΓ corresponding to the action on M defined by
((P,Q), X) 7→ PXQ
where in G × Γ we define the group product (P,Q)(P ′, Q′) := (P ′P,QQ′).
Now we will find a canonical element of the orbit GXΓ. According to the geometric
interpretation of the elements of M,G and Γ, we will find a basis of F adapted to
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the flag (F1, . . . , Fk) by extending a basis of Vk adapted to the flag (V1, . . . , Vk). In
order to do that, let us consider the diagram
(1)
V1 = V1 ∩ F1 ⊂ V2 ∩ F1 ⊂ · · · ⊂ Vk ∩ F1 ⊂ F1
∩ ∩ ∩ ∩
V2 = V2 ∩ F2 ⊂ · · · ⊂ Vk ∩ F2 ⊂ F2
∩ ∩ ∩
V3 = · · · ⊂ Vk ∩ F3 ⊂ F3
. . .
...
...
Vk ⊂ Fk
Defining Fk+1 = Vk+1 = F and F0 = V0 = {0}, we can write for k ≥ i ≥ j ≥ 0
Vi ∩ Fj ⊂ Vi+1 ∩ Fj
∩ ∩
Vi ∩ Fj+1 ⊂ Vi+1 ∩ Fj+1
where, obviously, Vi∩Fj = (Vi+1∩Fj)∩ (Vi∩Fj+1). Let Ei,j be a subspace such that
Vi ∩ Fj = Ei,j ⊕ (Vi−1 ∩ Fj + Vi ∩ Fj−1)
and let ei,j be a basis of Ei,j. We have that, for 0 < i ≤ k,
Vi = span(e1,1 ∪ e21 ∪ e2,2 ∪ · · · ∪ ei,1 ∪ · · · ∪ ei,i)
Fi = span(e1,1 ∪ · · · ∪ ek+1,1 ∪ · · · ∪ ei,i ∪ · · · ∪ ek+1,i)
Now, we arrange the vectors of
⋃
i,j ei,j in order to obtain bases of Vk and Fk in the
following way
{e1,1; e2,1, e2,2; . . . ; ek,1, . . . , ek,k} basis of Vk adapted to (V1, . . . , Vk)
{e1,1, . . . , ek,1; e2,2, . . . , ek,2; . . . ; ek+1,k+1} basis of Fk adapted to (F1, . . . , Fk)
Arranging in columns the coefficient of the elements of the first basis with regard
the second one can check that we obtain the following matrix
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(2) X = [Xj,i],0 < j ≤ i ≤ k + 1, with Xj,i = 0 if i < j and otherwise,
Xj,i =

0βi,j ,αi,j 0 0
0 Isi,j 0
0 0 0βi,j ,αi,j

where
si,j := dimEi,j = dimVi ∩ Fj − dimVi−1 ∩ Fj − dimVi ∩ Fj−1 + dimVi−1 ∩ Fj−1
αi,j := si−1,j + si−2,j + · · · sj,j or 0 if i = j
αi,j := sk+1,j + · · ·+ si+1,j
βi,j := si,j−1 + · · ·+ si,1 or 0 if j = 0
βi,j := si,i + · · ·+ si,j+1
Remark 2.3 If X ∈M represents the flag (V1, . . . , Vk), the sizes of its blocks, Xi,j,
are
si − si−1 = si,j + βi,j + βi,j = si,1 + · · ·+ si,i
rj − rj−1 = si,j + αi,j + αi,j = sj,j + · · ·+ sk,j
Remark 2.4 Since dimVi ∩ Fj for 0 < j ≤ i ≤ k is clearly a set of invariants of
the flag (V1, . . . , Vk), the set of integers si,j is also a set of invariants of the above
flag. Moreover, given a set of integers si,j, 0 < j ≤ i ≤ k, satisfying the conditions
of remark 2.3, there exists a flag (V1, . . . , Vk) having those invariants.
We have proved the following theorem
Theorem 2.5 Let (V1, . . . , Vk) be a generalized flag of (F1, . . . , Fk) represented by
X ∈M. With the above notations we have that
(1) The matrix defined in (2) is a canonical form of the orbit GXΓ.
(2) si,j for 0 < j ≤ i ≤ k, is a complete set of invariants (of the class of
(V1, . . . , Vk)).
(3) dimVi ∩ Fj for 0 < j ≤ i ≤ k, is a complete set of invariants.
Moreover, there exists a bijection between Flag(r, s)/G and the set of integers si,j
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satisfying for 0 ≤ i ≤ k the conditions
si − si−1 = si,1 + · · ·+ si,i
ri − ri−1 = si,i + · · ·+ sk,i
Example 2.6 Let r = (2, 3, 4) and s = (1, 2, 3). We write in a table the possible
dimensions of the subspaces of the double filtration (1) and, besides, the canonical
matrix representation of the corresponding canonical flag.
(A)
1 1 1 2
2 2 3
3 4

1 0 0
0 0 0
1 0
1

(B)
1 2 2 2
2 2 3
3 4

1 0 0
0 1 0
0 0
1

(C)
1 1 2 2
2 3 3
3 4

1 0 0
0 0 1
1 0
0

(D)
1 2 2 2
2 3 3
3 4

1 0 0
0 1 0
0 1
0

Now, let us consider a parametric family of generalized flags (V1(t), . . . , Vk(t)) of
(F1, . . . , Fk). More precisely, a smooth map
M → Flag(r, s)
withM a smooth contractible manifold (for example, an open neighbourhood of the
origin in R n).
It is clear that if the invariants of (V1(t), . . . , Vk(t)) are constant for t ∈ M , we can
find a smooth family Ei,j(t) such that
Vi(t) ∩ Fj = Ei,j(t)⊕ (Vi−1(t) ∩ Fj + Vi(t) ∩ Fj−1)
(take, for example, Ei,j = (Vi−1(t) ∩ Fj + Vi(t) ∩ Fj−1)⊥ ∩ Vi(t) ∩ Fj).
Thus, taking a smooth basis of Ei,j(t), one can prove the following theorem
Theorem 2.7 Let (V1(t), . . . , Vk(t)) be a smooth family of flags of the same class,
as above, represented by X(t) ∈ M. Then, there exists a smooth family of matrices
P (t) ∈ G and Q(t) ∈ Γ such that P (t)X(t)Q(t) the canonical matrix (1).
The next section consider the problem of how the class of (V1(t), . . . , Vk(t)) can
change varying slightly the parameter t. In particular, we characterize the stable
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flags.
3 Versal deformation of a generalized flag
First we recall the definition of versal and miniversal deformation. Let M be a
smooth manifold and x an element of M . A (local)deformation of x ∈ M is a
smooth map φ : U −→ (M,x), where U ⊂ F n is a neighbourhood of the origin,
(M,x) is a neighbourhood of the element x ∈ M , and φ(0) = x. Let G be a Lie
group acting smoothly on M on the left. We denote the action of g ∈ G on x ∈ M
by (g, x) 7→ gx.
Definition 3.1 A local deformation of x ∈ M is called versal (with regard to the
action of G) if for any other deformation ψ : V −→ (M,x), V ⊂ F n, 0 ∈ V, there
exist a neighbourhood V ′ ⊂ V, 0 ∈ V ′, a smooth map h : V ′ −→ U , with h(0) = 0
and a deformation θ : V ′ −→ (G, I) of the identity element of G (θ(0) = I) such
that ψ(v) = θ(v)ϕ(h(v)) for every v ∈ V ′. Versal deformations having a minimal
number of parameters are called miniversal.
Let M be an open and dense subset of a linear subvariety of Mp,q, G a subgroup
of Gl(p) which is an open and dense subset of a linear subvariety of Mp,p and Γ a
subgroup of Gl(q) which is an open and dense subset of a linear subvariety of Mq,q.
We suppose that G (respectively, Γ), acts on M on the left (respectively on the
right) by matrix multiplication. We assume that the orbit space
M/Γ := {XΓ |X ∈M}
has a differentiable structure such that the natural projection
pi :M−→M/Γ
is a submersion. In [3] it is proved the following result
Theorem 3.2 With the above notation, a miniversal deformation of an orbit XΓ
in M/Γ is given by (X +W )Γ, W ∈ W where W is (a neighbourhood of the origin
of) the set of matrices W ∈M such that
trace (PXW ∗) = trace (XQW ∗) = 0
for all P ∈ G and Q ∈ Γ.
We apply now this theorem when M,G and Γ are as in the previous sections.
As usual, since the map X 7→ PXQ is a diffeomorphism, we can assume that X
is a particular element of the orbit GXΓ. So, let X be the canonical matrix (2)
described in the last section. We are going to solve equations trace (PXW ∗) =
trace (XQW ∗) = 0 in this case.
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We have that
XQ =

Q1,1 Q1,2 Q1,3 · · ·
0 Q12,2 Q
1
2,3 · · ·
0 0 Q13,3
0 0 0 · · ·
Q22,2 Q
2
2,3 · · ·
0 Q23,3
0 0 · · ·
Q33,3
0 · · ·
· · ·

where Qi,j =

Q1i,j
Q2i,j
. . .
, with Q1i,j the first si,1 rows of Qi,j, etc.
and
PX =

P 11,1 P
2
1,1 P
1
1,2 P
3
1,1 P
2
1,2 P
1
1,3 · · ·
0 P 12,2 0 P
2
2,2 P
1
2,3 · · ·
0 0 P 13,3 · · ·
. . .

where Pi,j =
[
P 1i,j P
2
i,j . . .
]
, with P 1i,j the first s1,1-columns of Pi,j, etc.
For our end it is crucial the following remark
Remark 3.3 Let Y be a matrix with a fixed zero structure and having in the rest of
the entries different parameters. The set of all of theses matrices is a vector space of
dimension the number of nonzero entries. We say that Z is a complementary matrix
of Y if it is of the same size of Y and if Z has different parameters in the zero entries
of Y and 0 in the nonzero entries of Y . It is clear that if Z is a complementary matrix
of Y , then traceY Z∗ = 0. Moreover, since the dimension of the set of complementary
matrices of Y has complementary dimension to the set of matrices of the type of Y ,
we have that {Y }⊥ is just the set of complementary matrices of Y .
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Taking into account the last remark and the form of the matrices PX and XQ, we
have that trace (PXW ∗) = trace (XQW ∗) = 0 implies that
(3) W = [Wj,i] with Wj,i = 0 if i < j and otherwise, decomposing into blocks Wj,i
as Xj,i in (2), we have
Wj,i =

0βi,j ,αi,j 0 0
0 0si,j 0
Yβi,j ,αi,j 0 0βi,j ,αi,j

with Yβi,j ,αi,j a full parameter βi,j × αi,j-matrix.
Thus, we have proved the following theorem
Theorem 3.4 The set of flags (X +W )Γ where X and W are as in (2) and (3),
respectively, is a miniversal deformation of the flag XΓ.
Let us write the first blocks of X +W
I 0 0 0 0 0 . . .
0 I 0 0 0 0 . . .
0 0 0 I 0 0 . . .
0 0 0 0 0 0 . . .
0 I 0 0 0 . . .
∗ 0 0 I 0 . . .
∗ 0 ∗ 0 0 . . .
0 0 I . . .
∗ ∗ 0 . . .
. . .

Definition 3.5 A flag (V1, . . . , Vk) is stable if there exists a neighbourhood U of
(V1, . . . , Vk) in Flag(r, s) such that all the flags in U are equivalent.
Of course, a necessary and sufficient condition for a flag to be stable is that the codi-
mension of its orbit is 0. If (V1, . . . , Vk) is represented by X ∈ M, the codimension
of the orbit of (V1, . . . , Vk) is the same as the codimension of GXΓ in M (see [3]).
Thus, theorem 3.4 has the following corollary.
Corollary 3.6 The flag (V1, . . . , Vk) is stable if and only if βi,j = 0 for all 0 < j ≤
i ≤ k. In particular, all the stable flags are equivalent.
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Example 3.7 In the example 2.6 the stable flags are the flags of the class (A). On
the other side a miniversal deformation of the element
X =

1 0 0
0 1 0
0 1
0

is given by
X + TX(GXΓ)⊥ = {

1 0 0
0 1 0
x 1
y

}
We see that the codimension of the orbit of XΓ is 2 and it has tree adjacent classes
of flags:
(B) for x = 0 and y 6= 0
(C) for x 6= 0 and y = 0
(A) for x 6= 0 and y 6= 0
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